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Topological description of hierarchical sets of spectral gaps of Hofstadter butterfly is found to be encoded in a
quasicrystal where magnetic flux plays the role of a phase factor that shifts the origin of the quasiperiodic order.
Revealing an intrinsic frustration at smallest energy scale, described by ζ = 2 − √3, this irrational number
characterizes the universal butterfly and is related to two quantum numbers that includes the Chern number of
quantum Hall states. With a periodic drive that induces phase transitions in the system, the fine structure of the
butterfly is shown to be amplified making states with large topological invariants accessible experimentally .
Hofstadter butterfly[1], also known as Gplot[2] is a fasci-
nating two-dimensional spectral landscape, a quantum fractal
where energy gaps encode topological quantum numbers as-
sociated with the Hall conductivity[3, 4]. This intricate mix
of order and complexity is due to two competing periodici-
ties in a crystalline lattice subjected to a magnetic field. The
allowed energies in the spectrum of such a system are dis-
continuous function of the magnetic flux penetrating the unit
cell, while the gaps are continuous except at discrete points.
The stunning smoothness of spectral gaps may be traced to
topology which makes spectral properties stable with respect
to small fluctuations in the magnetic flux. The Gplot contin-
ues to arouse a great deal of excitement since its discovery,
and there are various recent attempts to capture this iconic
spectrum in laboratory[5].
Fractal properties of the butterfly spectrum have been the
subject of various theoretical studies[6–9]. However, detailed
description quantifying self-similar universal properties of the
butterfly fractal has not been reported previously. In this pa-
per, we present a geometrical framework to decode the nesting
rule that will reproduce the entire butterfly landscape, as one
zooms in to the Gplot, and obtain universal scaling that char-
acterizes the spectrum near half-filling. We address the ques-
tion of both spectral and topological universality. The spectral
gaps are labeled by two quantum numbers which we denote
as denote as σ and τ . The integer σ is the Chern number , the
quantum number associated with Hall conductivity[4] and τ
is an integer. These quantum numbers satisfy the Diophantine
equation (DE)[10],
ρ = φσ + τ (1)
where ρ is the particle density when Fermi level is in the gap
and φ denotes the magnetic flux per unit cell.
Somewhat reminiscent of well known geometrical fractals,
nesting property of the Gplot is found to be embedded in a
Farey tree[11] organization of various rational magnetic flux
values ( See Fig. (1)). As we zoom in to the butterfly spec-
trum, where magnetic flux intervals shrink by ζ2 (ζ = 2−√3),
we find an algebraic recursive rule for σ and τ . These quan-
tum numbers form a generalized Fibonacci sequence ( Eq.
(8)) associated with rational approximants of ζ, which has
period-2 continued fraction expansion, determining both σ
and τ at finer and finer scales in the butterfly fractal. This sig-
nals a kind of topological frustration that may be responsible
for magnificently complex structure of the butterfly. This hid-
den quasicrystal, which we will refer as Hofstadter-Chern lat-
tice, describes the entire butterfly landscape near half-filling.
Here magnetic flux simply plays the role of a phase factor that
leaves quasiperiodic topological pattern unchanged.
In contrast to geometrical description of topological univer-
sality, the universal spectral property of the Gplot is obtained
numerically. Corresponding to a scaling ratio of ζ2 for the
magnetic flux interval, and ζ for quantum numbers σ and also
τ , the spectrum is found to scale approximately as ζ
√
3. We
obtain the two-dimensional fixed point fractal ( See Fig. (2))
that characterizes the entire landscape near half-filling and
verify its universality as magnetic flux varies.
In our investigation of the fractal properties of the Hofs-
tadter butterfly, one of the key guiding concepts is a corol-
lary of the DE equation that quantifies the topology of the fine
structure near rational fluxes. We show that, for every ratio-
nal flux, an infinity of possible solutions of the DE, although
not supported in the simple square lattice model , are present
in close vicinity of the flux. Consequently, perturbations that
induce topological phase transitions can transform tiny gaps
with large topological quantum numbers into major gaps. This
might facilitate the creation of such states in an experimental
setting. We illustrate this amplification by periodically driving
the system.
Model system we study here consists of (spinless) fermions
in a square lattice. Each site is labeled by a vector r = nxˆ +
myˆ, where n, m are integers, xˆ (yˆ) is the unit vector in the x
(y) direction, and a is the lattice spacing. The tight binding
Hamiltonian has the form
H = −Jx
∑
r
|r+ xˆ〉〈r|−Jy
∑
r
|r+ yˆ〉ei2pinφ〈r|+h.c. (2)
Here, |r〉 is the Wannier state localized at site r. Jx (Jy) is
the nearest neighbor hopping along the x (y) direction. With
a uniform magnetic field B along the z direction, the flux per
plaquette, in units of the flux quantum Φ0, is φ = −Ba2/Φ0.
Field B gives rise to the Peierls phase factor ei2pinφ in the
hopping.
In the Landau gauge realized in experiments[12], the vector
potentialAx = 0 andAy = −φx, the Hamiltonian is cyclic in
y so the eigenstates of the system can be written as Ψn,m =
eikymψn where ψn satisfies the Harper equation[13]
eikxψrn+1+e
−ikxψrn−1+2λ cos(2pinφ+ky)ψ
r
n = Eψ
r
n. (3)
Here n (m) is the site index along the x (y) direction, λ =
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2Jy/Jx and ψrn+q = ψ
r
n, r = 1, 2, ...q are linearly indepen-
dent solutions. In this gauge the magnetic Brillouin zone is
−pi/qa ≤ kx ≤ pi/qa and −pi ≤ ky ≤ pi.
At flux φ = p/q, the energy spectrum has q − 1 gaps. For
Fermi level inside each energy gap, the system is in an integer
quantum Hall state[3] characterized by its Chern number σ
which gives transverse conductivity Cxy = σe2/h[4]. The
Chern number σ and an integer τ label various gaps of the
butterfly and are the solutions of DE[10], with possible values,
(σ, τ) = (σ0 − nq, τ0 − np) (4)
Here σ0, τ0 are any two integers that satisfy the Eq. (1) and
n is an integer. The quantum numbers σ that determines the
quantized Hall conductivity corresponds to the change in den-
sity of states when the magnetic flux quanta in the system is
increased by one and whereas the quantum number τ is the
change in density of states when the period of the potential is
changed so that there is one more unit cell in the system[8].
For any value of the magnetic flux , the system described by
the Hamiltonian (2), supports only n = 0 solution of Eq. (4)
for the quantum numbers σ and τ . This is due to the absence
of any gap closing that is essential for topological phase tran-
sition to states with higher values of σ, τ . However, DE which
relates continuously varying quantities ρ and φ with integers
σ and τ , has some important consequences about topologi-
cal changes in close vicinity of rational values of φ. We now
show that the infinity of solutions depicted in Eq.(4) reside in
close proximity to the flux φ and label the fine structure of the
butterfly in Gplot . In DE, we substitute φ = φ0 + δφ, where
φ0 = p0/q0, and ρ = ρ0 + δρ and the corresponding quantum
numbers as σ = σ0 + ∆σ and τ = τ0 + ∆τ . Now, taking the
limits as δφ and δρ go to zero, we obtain,
φ0∆σ + ∆τ = 0;
∆σ
∆τ
= − q0
p0
(5)
Since both ∆σ and ∆τ are integers and p0 and q0 are rela-
tively prime, the simplest solutions of Eq. (5) are ∆σ = ±nq0
and ∆τ = ∓np0, where n = 0, 1, 2, .... These solutions de-
scribe the fine structure of the butterfly near φ0. Consequently,
the spectral gaps near φ = 1/q have Chern numbers changing
by a multiple of q. This suggests a semiclassical picture near
φ = p/q in terms of an effective Landau level theory with
cyclotron frequency renormalized by q.
Another important consequence of DE near half-filling is
a relationship between the magnetic flux at the center of the
butterfly and the topological integer that labels the butterfly.
For E = 0, rational values of magnetic flux with even denom-
inators result in a set of 4-swaths converging to a structure
resembling a butterfly. Although, precisely at the center of the
butterfly, the Chern number is undefined, the structure ema-
nating from the center can be associated with a unique value
of σ and τ as described below. For energy gaps near E = 0,
we write ρ = 1/2 +  and φ = pc/qc + δ. Substituting these
values of ρ and φ in DE and taking the limit , δ → 0, we
obtain topological integers that characterize the four wings of
the butterfly.
σ = ±qc
2
; τ =
|pc ∓ 1|
2
(6)
The Chern number σ changes sign in 4-wings of the butter-
fly and τ values differ by unity in the left and the right wing.
We label each butterfly uniquely by the magnitude of σ and
β = 2|τ |+ 1 .
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FIG. 1: Farey tree based division of the level-0 interval [0,1/2] into
sub-intervals, shown with a dashed (red) line with arrows. Each sub-
interval contains the entire butterfly spectrum where * show the cen-
ters of the butterfly from where the Farey path ”LRL” begins and also
ends. Points where two arrows meet represent the Farey sum[14] of
two rationals located at the starting points of the two arrows. The
vertical double arrow shows the levels 2 construction starting with
level-1 interval [1/3, 2/5]. We note that there are many other pos-
sible intervals to begin the recursive process, that are not explicitly
shown in the figure, such as [1/4, 1/3] or [1/6, 1/5].
We now address the question of recursive scheme for topo-
logical invariants for the nested sets of butterflies that are cen-
tered at E = 0 and seek a universal fixed point function that
underlies this entire spectral landscape near half-filling. We
note that the off-centered butterflies appear as the continua-
tion of the central butterflies, with discontinuities at discrete
set of points.
To describe the hierarchical structure of the butterfly frac-
tal, we introduce a notion of ”levels” where higher levels cor-
respond to viewing the Gplot at smaller and smaller scale in
E vs φ plot. At level-0 we have the central butterfly in the φ-
interval [0, 1] with center at φc = 1/2. In the interval, [0, 1/2],
, there is a colony of asymmetrical butterflies all meeting at
the left boundary φ = 0, as shown in Fig (2). Analogously,
there is also a right colony in the φ interval [1/2, 1] sharing the
right boundary φ = 1. Without loss of generality we will fo-
cus on the spectrum only in the φ-interval [0, 1/2] consisting
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FIG. 2: (color on line) The inset shows level-0 butterfly where the
two horizontal bars show the level-1 interval [1/3, 2/5]. The cor-
responding level-2 and level 3 butterflies in φ intervals [4/11, 7/19]
and [15/41, 26/71] overlay, giving energy scale ratio≈ 10 as shown
in red and blue respectively. This illustrates an approach to fixed
point butterfly fractal as E and φ intervals shrink to zero.
of set of butterflies centered at φc = 12m , wherem = 1, 2, 3....
From Eq. (6), these butterflies are labeled with quantum num-
bers σ = m and β = 1. At any level l, the central butter-
fly, with center at flux fc(l) =
pc(l)
qc(l)
is confined between its
left and right boundaries at flux values fL(l) =
pL(l)
qL(l)
and
fR(l) =
pR(l)
qR(l)
respectively.
A close inspection of the Gplot reveals that Farey sequences
are the key to systematically sub-divide the φ interval, where
each new interval reproduces the entire butterfly. We illus-
trate this process in the Fig. (1) where a specific Farey path
represented symbolically as ”LRL” is essential in construct-
ing the recursive scheme. It turns out that the choice of the
initial interval is irrelevant as the universal scaling properties
are independent of φ . We note that beyond level-0, butterflies
do not exhibit reflection symmetry about their centers ( See
Fig. (2) , however, the recursive scheme for the left and the
right intervals are identical. Figure shows two sets of inter-
vals: (I) an infinite set constructed to the right of fL where
each Farey sum[14] includes fL and (II) an infinite set con-
structed to the left of fc where each Farey sum includes fc.
The recursive rules for constructing the left and right bound-
aries and the center of the butterfly from level l to level l + 1
are given by,
fL(l + 1) = fL(l)
⊕
fc(l)
fR(l + 1) = fL(l + 1)
⊕
fc(l)
fc(l + 1) = fL(l)
⊕
fR(l)
At a level-l of the nesting scheme, the quantum numbers σ, τ
are found to scale by rational approximants of ζ, obtained by
truncating its continued fraction expansion,
ζ = [3, 1, 2, 1, 2, 1, 2....] =
1
3 +
1
1 +
1
2 +
1
1 +
1
2.....
(7)
Denoting lth rational approximant of ζ as ζ(l) =
P (l)/Q(l), the quantum numbers (using Eqs (6,7)) for the
hierarchical set beginning with the interval [1/3, 2/5] are,
σ(l) = Q(2l), β(l) = Q(2l−1) and σ(l−1) = P (2l) , β(l−
1) = P (2l − 1). This reveals a simple process of two inde-
pendent integers described by a single irrational with period-2
continued fraction as integers related to even(odd) approxi-
mants determine σ(β). Using number theoretical properties of
ζ, it can be shown that a single recursion, where ζ(l) is evalu-
ated at every second iteration, describes the recursive scheme
for both σ and β,
A(l + 1) = 4A(l)−A(l − 1) (8)
where A = σ, β. Interestingly, this recursion determines the
quantum numbers σ, τ for all values of φ, with the initial val-
ues in Eq. (8) determined by the choice of φ interval. Asymp-
totically, σ(l) → ζ−l, τ → ζ−l and the underlying φ interval
scales as, φ→ ζ2l.
For the butterfly fractal shown in Fig. (2), the entire band
spectrum is numerically found to scale approximately as,
∆E ≈ 10l ≈ ζ
√
3l. Although the precise value of quantum
numbers ( and hence the universal butterfly fractals) depend
upon φ, the scaling ratios between two successive levels is φ
independent. We summarize the universal scaling ratio Rx
where x = φ, σ, τ, E,
Rφ = ζ
−2; Rσ = Rτ = ζ; RE ≈ ζ
√
3 (9)
Therefore, topological variations occur at a slower rate than
the corresponding spectral variations as one views the but-
terfly at smaller and smaller scale. In summary, the topol-
ogy of the universal butterfly is found to be encoded in a
single irrational number that due to its period-2 continued
fraction with entries 1 and 2 is the simplest possible num-
ber that underlies two distinct quantum numbers that appear
in DE. The quasiperiodic Hofstadter Chern -lattice generated
by σ(l), τ(l) is a generalization of the well known Fibonacci
lattice, characterized by the nesting property that each gener-
ation is the sum of two previous generations. The magnetic
4flux simply plays the role of a phase factor, an additional de-
gree of freedom for the quasiperiodic Chern-lattice[16], that
shifts the origin of the quasi-periodic order.
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FIG. 3: (color on line) Upper half of the butterfly spectrum for static
(Jx = Jy)(upper) and lower-half of the quasienergy spectrum for
driven system with J¯ = .33, λ¯ = 1.1 (lower). Dominance of
higher Chern states in kicked system is due to phase transitions where
Chern-1 state for φ = 1/3 is transformed into Chern −2(= 1 − 3)
state while Chern (−2, 1) states of φ = 2/5 evolve into Chern
3(= −2 + 5),−4(= 1− 5) states.
We next address the question of physical relevance of states
of higher topological numbers in view of the fact that size
of the spectral gaps decreases exponentially with σ, as con-
firmed by our numerical study of the system described by Eq.
(3). We now show that by perturbing such systems, we can
induce quantum phase transitions to topological states with
n > 0 given by (4) with dominant gaps characterized by
higher Chern numbers. We study butterfly spectrum for a
periodically kicked quantum Hall system[15] where Jy is a
periodic function of time t with period-T [15],
Jy = λ
∑
n
δ(t/T − n) (10)
The time evolution operator of the system, defined by
|ψ(t)〉 = U(t)|ψ(0)〉, has the formal solution U(t) =
T exp[−i ∫ t
0
H(t′)dt′], where T denotes time-ordering and
we set ~ = 1 throughout. The discrete translation symmetry
H(t) = H(t+ T ) leads to a convenient basis {|φ`〉}, defined
as the eigenmodes of Floquet operator U(T ),
U(T )|φ`〉 = e−iω`T |φ`〉.
We have two independent driving parameters, J¯ = JxT/~
and λ¯ = λT/~. For rational flux φ = p/q, U is a q× q matrix
with q quasienergy bands that reduce to the energy bands of
the static system as T → 0.
New topological landscape of the driven system as shown
in the Fig. (3) can be understood by determining the topologi-
cal states of flux values corresponding to simple rationals such
as 1/3, 2/5. In the Fig. (3), parameter values correspond to
the case where the Chern-1 gap associated with 1/3 has un-
dergone quantum phase transition to a n = 1 solution of the
DE (Eq. (4)) and the Chern-−2, 1 states of 2/5 have also un-
dergone transitions to Chern-3,−4 state. This almost wipes
out the Chern-1 state from the landscape, exposing the topo-
logical states of higher Cherns that existed in tiny gaps in the
static system. Gap amplifications for Chern 2, 3 and 4 states in
periodically driven quantum hall system may provide a possi-
ble pathway to see fractal aspects of Hofstadter butterfly and
engineer states with large Chern numbers experimentally.
Recently, there is renewed interest in quasiperiodic
systems[16–20] due to their exotic characteristics that in-
cludes their relationship to topological insulators. Hofstadter-
Chern lattice is intrinsically frustrated system, at smallest en-
ergy scale induced by inherent frustration created by the mag-
netic flux φ. This suggest a new source of recursive behavior
whose deeper understanding and significance needs further in-
vestigation.
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